Abstract. We propose a novel first order, local equilibrium approach to special relativistic dissipative hydrodynamics. Using a particular separation of internal and flow energies we remove all known instabilities of the linear response approximation. This result provides a stable inclusion of heat conductivity into the description of first order viscous relativistic fluids.
Introduction
The theories of dissipative relativistic fluids are plagued by serious controversies. It is apparent by comparing them to the nonrelativistic case. The simplest first order, parabolic system of Navier-Stokes and Fourier equations is tested and justified by countless applications of the everyday engineering practice. The second order generalization of the theory introduces the fluxes of the extensives as independent variables. In this way the validity and applicability of the hydrodynamic and heat conduction equations is extended providing a hyperbolic system [1, 2] . Although the special relativistic generalization of the first order Navier-StokesFourier system is straightforward [3] , it has some unacceptable features. The most disturbing one is the prediction of unstable homogeneous equilibrium. Therefore it is generally accepted that only the extended second order theories are viable. Nowadays, heavy ion collision experiments give a unique opportunity to check the different suggestions and the interest in dissipative relativistic theories is renewed [4, 5, 6, 7, 8, 9, 10, 11, 12] .
The distinction between first and second order theories is based on their relation to the underlying kinetic theory. A theory is called first order or second order when the basic phenomenological variables are the first or second order integral moments of the one particle distribution function, respectively. From a thermodynamic point of view first order theories are based on the local equilibrium hypothesis, but in second order theories the fluxes of the extensives as independent variables characterize the deviation from the local equilibrium. As one can introduce general dynamic variables that are not fluxes (see e.g. [13] ), the above classification is not general.
Differential equations of first order theories are parabolic, therefore they are not necessarily causal. The differential equations of the second order theories, that are constructed according to the Second Law, are hyperbolic, therefore causal. Stability does not follow from causality automatically. There are several arguments, that a simple, parabolic first order theory could be physically acceptable. E.g. according to Cimmelli the infinite speed of signal propagation would be unobservable within the experimentally known values of the material constants of the extended relativistic heat conduction equation, because the amplitudes of the problematic signals are
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1 AND TAMÁS S. BIRÓ 2 in the range by molecular noise. The observation of acausality is beyond the range of validity of a continuum model [14] . On the other hand the Cauchy problem related to a diffusion equation is well posed, provided that the initial conditions are given on a proper time slice τ = 0, as it is physically realistic [15] . Finally, the physical content of the first order theories is inherited by the corresponding second order one. The more difficult second order extensions do not cure necessarily the instabilities of the first order theories. The physical fluid states in these theories must relax to the solutions of the underlying first order theory [16, 17] .
As an example we investigate the role of the heat flux in stabilizing second order theories. There the entropy density s depends on the heat fluxuadratically (see e.g. [18] ):
where β 1 is a material parameter and e is the internal energy. According to linear stability investigations a condition for stability is given by (e.g. [19] , equations (56) and (134), or [20] equation (23))
with p being the pressure. If β 1 was a constant, then the stability would be material dependent, for small β 1 at low internal energy density and pressure the above stability condition could be violated. The instability in the Eckart theory is suppressed by material parameters.
The missing simple and stable relativistic generalization of the Navier-StokesFourier theory resulted in several attempts to improve the properties of first order theories. García-Colín and Sandoval-Villalbazo suggested a separation of an internal energy balance from the balance of the energy-momentum, similarly to nonrelativistic theories [21] . However, with an additional independent energy balance the energy-momentum tensor would not embrace the whole energy content of the matter [22] . Other authors suggest a suitable definition of the four-velocity field [23] . From a stability point of view the Landau choice of the material velocity seems to be the best. Here one fixes the four-velocity of the continuum to the energy and eliminates the heat flux in the rest frame (see e.g. [24] ). Related stability investigations are given in [25] . However, the emerging stability properties are rather peculiar. The relative success of the Landau convention in stabilizing the equilibrium of first order theories reflects the key role of the heat flux in the stability problem.
In the following we show that a particular distinction between the internal and flow energies is able to separate the dissipative from the non-dissipative effects, in a way that the dissipation results in stability. The corresponding constitutive functions are given by simple irreversible thermodynamic considerations as linear flux-force relations. However, we will see that the entropy density should depend also on the heat flux, therefore our suggestion naturally incorporates some advantages of the second order theories.
As the origin of the known instabilities is related to the heat conduction, in the followings we assume that the balance of particle number does not play a role and the pressure is scalar, the fluid is ideal.
Balance of energy
For the Minkowski form we use the g µν = diag(1, −1, −1, −1) convention. The energy-momentum density tensor is given with the help of the rest-frame quantities as
where ǫ = u α u β T αβ is the density of the internal energy, q β = u α π β γ T αγ is the energy flux or heat flowq α = u β π α γ T γβ is the momentum density and p is the pressure. Here π α β = g α β − u α u β denotes the u-orthogonal projection. The momentum density and the heat flux are spacelike in the comoving frame, therefore u αq α = 0 and u α q α = 0. At this point we assume that the energymomentum tensor is symmetric, because the internal spin of the material is zero. In this case the heat flow and the momentum density are equal 1qα = q α . However, we keep the different notation because the difference in their physical meaning is a key element of our train of though. Heat is related to dissipation of energy, but momentum density is not.
Let be the energy density ǫ written as the sum of the internal energy e and an energy related to the flow,ê,
The flow energyê should be clearly distinguished from the relative kinetic energy, it does not vanish in a rest frame. The corresponding energy four vectors, E β ,Ê α of the internal and flow energies are defined as
The energy-momentum density can be given with the help of these vectors as
Now the conservation of energy-momentum ∂ β T αβ = 0 is expanded to
Its timelike part in a local rest frame describes the balance of the energy ǫ
Here the dot denotes the time derivative by the local proper time of the flowing material (
The spacelike part in the local rest frame describes the balance of the momentum
Balances of internal and flow energies
The general separation of dissipative and non-dissipative parts of the motion justifies the distinction between the energies e andê. Up to this point we did not specify, how the energy ǫ is divided in its parts e andê. This freedom allows us to make a choice. We require that
In the followings (11) will be referenced as the separation condition. We note that a balance for the absolute value of the flow energy vectorÊ α can be written as follows:
If the flow energy four-vector is timelike in the local rest frame, one can obtain its absolute value as being
Here q is the heat flux vector expressed in the local rest frame asq αq α = −q 2 . The expansion of the formula for small q 2 values is quadratic. One easily realizes, that (12) is compatible to the conservation of Ê , too.
This is a balance with zero source term and without flux, without a current term in a local rest frame. Similarly we can see, that (11) expresses a conservation of E α without a respective second order tensorial flux. Finally we present the usual local time-and spacelike projections of the balance for the flow energy (11) 
From these equations (15) and (16) it follows, that in case ofq α = 0ê should also vanish.
Balance of entropy
The entropy density and flux can also be combined into a four-vector, using local rest frame quantities:
where s = u α S α is the entropy density and J α = S α − u α s = π α β S β is the entropy flux. The entropy flux is u-spacelike, therefore u α J α = 0. Now the Second Law of thermodynamics is translated to the following inequality
Up to this point there is no any change related to the relativistic fluid dynamic equations, besides that ǫ is split up by a "non symmetric" definition. However, in thermodynamic relations the heat flux appears. The generalized Gibbs relation and the potential relation for the local rest frame quantities are (19) d(e + Ê ) = T ds, and (20) e + Ê = T s − p.
Here T is the temperature. The differentials fix the variables and the functions, e.g. from (19) follows that s = s(e+ Ê ). The above relations are generalizations of the formulas of the Israel-Stewart theory and those of equilibrium thermodynamics. The dependence on the energy flux is implicit, as it was given in (13) .
For the entropy flux we assume the classical form
Let us remark here, that the unusual dependence of the entropy on the energy flux in a local equilibrium theory (19) and the form of the entropy flux (21) both can be derived by standard methods of non-equilibrium thermodynamics (e.g. by Liu or Coleman-Noll procedures), if one assumes that the basic state space is spanned by the variables (e,ê, u α ) and the constitutive state space is first order weakly nonlocal (local state assumption). (8) and (11) are considered as constraints on the entropy inequality (18) . This aspect will be elaborated in a forthcoming publication.
Instead of these more sophisticated methods one may develop (18) by using traditional heuristic arguments. Applying the assumptions (19)- (20) and (21) and substituting the total energy balance (9), the balance of flow energy as (15) and that of the flow momentum (16) into the entropy balance equation we arrive at the following entropy production formula:
In isotropic continua the above entropy production results in a linear heat conduction relation which is a direct generalization of the corresponding nonrelativistic Fourier law:
where 0 ≤λ/T 2 = λ is the Fourier heat conduction coefficient. Subtracting (8) and (11) we can get the balance of the internal energy e (24)ė + (e + p)∂ α u α + ∂ α q α = 0, and the Euler equation for a heat conducting relativistic fluid
The equations (9)- (10) or (24)- (25) are the evolution equations of a relativistic heat conducting ideal fluid, together with the constitutive function (23).
Linear stability
The equilibrium of the equations (23)- (25) is defined by vanishing proper time derivatives and by a vanishing heat flux q a = 0. Then e = const. and ∂ α u α = 0 in equilibrium, from this p = const. and T = const. follow. Let us concentrate on the equilibrium in a homogeneous medium, when the velocity field is constant, too
We denote the equilibrium fields by zero lower index and the perturbed fields by δ, as Q = Q 0 + δQ. Here Q stands for e, u α or q α . After linearization in the perturbation variables equations (23)- (25) become
The perturbation variables satisfy the following constraints inherited from the linearization of the original ones: u α δq α = u α δu α = 0. In order to identify possible instabilities we select out exponential plane-wave solutions to the perturbation equations: δQ = δQ 0 e Γt+ikx , where δQ 0 is constant and t and x are two orthogonal coordinates in Minkowski spacetime. As our equilibrium background state is a fluid at rest we put u α ∂ α = ∂ t . With these assumptions the set of perturbation equations takes the following matrix form
Here δQ B represents the list of fields which describe the perturbation of the fluid:
The 7x7 matrix M can be written in the following block diagonal form
where the sub-matrices N and R are defined as follows:
Exponentially growing plane-wave solutions of (29) emerge whenever Γ and k satisfy the dispersion relation
with a positive real Γ. The roots of this equation are the roots obtained by setting the determinants of either N or R to zero. The determinant of the matrix R gives (e + p)Γ = 0. The Γ = 0 solution indicates that the modes perpendicular to the direction of the spatial variation of the disturbance x, the transverse modes, are not restricted by the medium, they propagate as they are.
The determinant of the matrix N leads to the following second order equation for Γ (34) Γ 2 + λk 2 dT de Γ + k 2 dp de = 0.
The roots of the above equation have negative real parts, due to λk 2 dT de > 0. The latter inequality assumes thermodynamic stability (positive heat capacities) and the requirement of positive heat conduction coefficient. This way the longitudinal modes are damped in our approach.
Therefore the homogeneous equilibrium of a heat conducting ideal fluid is linearly stable in our treatment in contrast to the corresponding equations of an Eckart fluid. We do not expect, however, asymptotic stability in an ideal fluid, similar to the nonrelativistic case. One can show that in a viscous relativistic fluid with nonzero shear viscosity the transverse modes are damped, too.
Conclusion
The generalization of our results to incorporate particle number balance with diffusion and viscosity effects is straightforward. Investigation of the linear stability of the general system subject to the separation condition, similarly to the researches of Hiscock and Lindblom [25] , results in a stable fluid at rest.
According to our suggestion, the usual simple mathematical assumption that the dissipative part of the energy-momentum tensor were due to the off diagonal terms is misleading. Our suggested separation condition shows that some off diagonal terms are non dissipative, too. The corresponding changes of the kinetic theory are to be developed in this sense. E.g. in the Chapmann-Enskog method one should require the separation condition instead of the Landau or Eckart choice of the bulk velocity.
